aeg e bm e YYIe'Cac.om Peex (:t 3
cnd

R@Pre sentation "TReor Y

| LAVRVAN v den Ber-ﬁ

Uahl.\rel’fc't:j ) 3 Qmsterdom % RuRe —(/lnt'ue'rsc'fa [3ocRum
coctR
Pron 1a@ Dutta Fuetvio Gesmundo

CRristion jkenmeger Uladmer a(bs:'gou-



SV\T ro: afge bra (¢ clrcucts



SV\T ro: afge bra (¢ clrcucts

C‘l’Z)“z‘l‘D @
&, CD




\ntro: aegebra{c clrewcts

mpr:(' 3a'f€—§ Lnear Poegnowu?s

LC-I-Z)Cz +D @
C) CD




\ntro: aegebra{c clrewcts

r'npt:(' 36169 . knear Poegnowh?s
¥
'i@H Xy +3) /@
@ \'®u muefc‘Pec},a'frbn/
\_/

add ( tion 3a‘tes

@ - ('fan-c'n 2

2
zf = %X,Xa+ 2%, +3x,+ 1



\ntro: aegebra{c clrewcts

r'npt:(' 35(6? : Lnear Poegnowh?s

pfc@a-z Xy +3) /@f

\ @ \'® o muefc‘Pec'(,a'f tov /

addition 9qates
\l /""” (fah-t"\jz

G oulput fja.fe
2
J = X, X2¥+ 2%y 4+ 3x,+ 1




\ntro: aegebra{c clrewcts

: 0 -
mput ‘jﬁ'te's : binear Po@gnomu‘a?s DQF CC(GD ) = S”}a:"z iesz(.#‘;'gfe‘;‘)t
’\
@ren ()
o \_.

(2 (O multplication/

addition 9qates
\ /e 5

G oulput fja'(‘e
2
J = X,X2+ 2%, +3x,+ 1



\ntro: aegebra{c clrewcts
: _ smallest circwit
mput 3“1”" bnear P"eﬂ"""""‘;\e*‘ _—oe-De ' CC(GD ) = Se (# gates)
(@R (B
N\ N 1T
(2 (O mltiplication/ o et = > Sgnl) 11 X o10)

addition 9qates e,
\ /""” (fah-t"\jz
G oulput fja.fe

2
zf = %X,Xa+ 2%, +3x,+ 1




\ntro: aegebra{c clrewcts

d reedt
mpt:(' 3a‘fes Lnear Po@gnomm?s D-gg- CC(GD ) = S”}a:-'liesz(.#c;’g‘g:)
@t %+ @
\ C) \'®m mueftPefca'ffo’!/ ¢ O(Q'th = S SJ“(U-) ﬂx"o.k)
\l / add ( tion ja'tes 0"6\?”
{fﬁh (n 2) C) CC(d.?i'n)— Poej [n)

G oulput fja.fe
2
J = X, X2¥+ 2%y 4+ 3x,+ 1



\ntro: aegebra{c clrewcts

sma.ll Feedt

mpet <ja'fes Lnear Poegnommes D_@g_ CC(aD ) = ”}a:;zeesz(.#?gg;)
‘C +2X, +3) @

\ C) \'®u mueftPecca'f(oq/ i Otztn = S Sj'\(o-) ﬂx&,o'ft.)

\, / ada{(éhoh 3a‘t)es e,
an-tn 2 Goceldets) =
2. ontput qate > ¢ ( n) P"ef} (n)
J = XX+ 23‘: +3x,+ 1 ¢ pern = Z Ux"’a‘i’

g€ S,



\ntro: aegebra{c clrewcts
: _ smallest circwit
mput 3“1”: bnear P"eﬂ"""""‘;\e*‘ _—oe-De ' CC(GD ) = Se (# gates)
(@R (B
N\ N 1T
(2 (O mltiplication/ o et = > Sgnl) 11 X o10)

i S
\l / ada(c'{'cav\ 3a‘tes 0-€dy,
— (,fan-m 2 C) cc.(de'fn) = Poej (n)
G oulput fja.fe
J = XXz ¥+ 23‘: +3x,+ 1 ® pern = Z T.-Tx"’a"."

TeS,

{G)V\s eC.tO\re: CC(PU‘,,\\ s not Po%nomfaeeﬂ bounded. ]




\ntro: aegebra{c clrewcts

_ smallest circuit
mpet <ja'fes Lnear Poegnommes D_@g_ CC(aD ) = ”}a:;zes(#?gg;)
‘C +2X%, +3) @
\ C) \'®u mueftPecca'f(oq/ i Otztn = S Sj'\(o-) ﬂx&,o'ft.)
\, / ada{(moh 3a‘t)es e,
Jan-in "2 G ocefdet,) =
© Outpo\.t' fja'['e c ( n) Poej [V'\)
J = XX+ 23‘: +3x,+ 1 ¢ pern = Z T.-Tx"’a"."
TeS,

4

G)V\a. eC.tO\re: CC(PU‘,,\\ s not Po%nomfaeeﬂ bounded. ]

Unliant' 79 ¢ prmaneat s #P complite



\ntro: aegebra{c clrewcts

_ smallest circuit
mpet <ja'fes Lnear Poegnommes D_@g_ CC(aD ) = ”}a:;zes(#?gg;)
‘C +2X%, +3) @
\ C) \'®u mueftPecca'f(oq/ i Otztn = S Sj'\(o-) ﬂx&,o'ft.)
\, / ada{(moh 3a‘t)es e,
Jan-in "2 G ocefdet,) =
© Outpo\.t' fja'['e c ( n) Poej [V'\)
J = XX+ 23‘: +3x,+ 1 ¢ pern = Z T.-Tx"’a"."
TeS,

4

G)V\a. eC.tO\re: CC(PU‘,,\\ s not Po%nomfaeeﬂ bounded. ]

Unliant' 79 ¢ prmaneat s #P complite

{xtension: cc (pern) ts not quUaS (- Fv%nommeea bounded,
, Polylogn)



\ntro: aegebra{c clrewcts

_ smallest circuit
mpet <ja'fes Lnear Poegnommes D_@g_ CC(aD ) = ”}a:;zes(#?gg;)
‘C +2X%, +3) @
\ C) \'®u mueftpecca'f(oq/ i Otztn = S Sj'\(o-) ﬂx&,o'ft.)
\, / ada{(moh 3a‘t)es e,
Jan-in "2 G ocefdet,) =
© Outpo\.t' fja'['e c ( n) Poej [V'\)
J = XX+ 23‘: +3x,+ 1 ¢ pern = Z T.-Tx"’a"."
TeS,

4

G)V\a. eC.tO\re: CC(PU‘,,\\ s not Po%nomfaeeﬂ bounded. ]

Unliant' 79 ¢ prmaneat s #P complite

fx.'(‘.'er\sforv CcC (Mn) lS V\Ot ?O(.QS( FUQJVIOM(a.een bowqo{ed,

G alous re placing cc witR otRer complexily measures Poe‘j eofj(l’\)
(aejebrmc. br'aanmg programs , deferminental complex(ty, etc.)



Wotivation
¢ P rouénj eower bourds (s Rard




Wot: vation

¢ P F ouivxj eower bourdls (s Rard.
o Yh@('awmpeaxc'fg f‘r{es To U-nde.rs‘tand, OJRD




Wot vatio 2

¢ P F OUc'V\j eower bourds (s Qaro(.
° matawmp&m'fa f‘f-{es fa U—naﬂers‘ta,nd, wR«D

o PBeclean word. : relativiration barrcer [PaBer-6:00-Soloay ' 7S]

natural proofs barrer [Raboros - Rudich’ 9]
o Qae. briration barrer [varonson-(Digderson'od



Woti vation

¢ P F OUc'V\j eower bourds (s Qaro(.
° matawmp&m'fa f‘f-{es fa U—naﬂers‘ta,nd, wR«D

o PBeclean word. : relativiration barrcer [PaBer-6:00-Soloay ' 7S]

natural proofs barrer [Raboros - Rudich’ 9]
o Qae. briration barrer [varonson-(Digderson'od

T2 3oaQ: (fc'nd amaeojr cn TRe Q%ef)rafc Loor A



Woti vation

¢ P F OUc'V\j eower bourds (s Qaro(.
° matawmp&m'fa f‘f-{es fa U—naﬂers‘ta,nd, wR«D

o PBeclean word. : relativiration barrcer [PaBer-6:00-Soloay ' 7S]

natural proofs barrer [Raboros - Rudich’ 9]
o Qae. briration barrer [varonson-(Digderson'od

T2 3oaQ: (fc'nd amaeojr cn TRe Q%ef)rafc Loor A

o rcmﬁ metRod Ix«rr:}zrs [€$remenﬁo ~ Garj-O&'uec'm ~ U:E:jo{ef‘sw' 18]



Woti vation

¢ P F OUc'V\j eower bourds (s Qaro(.
° matawmp&m'fa f‘f-{es fa U—naﬂers‘ta,nd, wR«D

o PBeclean word. : relativiration barrcer [PaBer-6:00-Soloay ' 7S]

—>  nalural proofs barrer [Raboros - Redich 9]
o Qae. briration barrer [varonson-(Digderson'od

T2 3oaQ: (fc'nd amaeojr cn TRe Q%ef)rafc Loor A

o rcmﬁ metRod Ix«rr:}zrs [€$remenﬁo ~ Garj-O&'uec'm ~ U:E:jo{ef‘sw' 18]



Wotivation

¢ P F OUc'V\j eower bourds (s Qaro(.
° matawmp&m'fa f‘f-{es fa U—naﬂers‘ta,nd, wR«D

o Peolean cored i relativiration barrcer [Paber-6c00-Soboay ' 75]

—>  nalural proofs barrer [Rowboros - Rudich* 3]
o Qﬁe brination barrer [taronson-(Digderson'od

T2 3oaQ: (fc'nd amaeojr cn TRe Q%ef)rafc Loor A

o [CWN & metRod Ix«rrciz rs [E' J’remenﬁo ~ Garj-O&'u&'m ~ U%Aersm' 18]

4 Dl’)jot:ﬂﬁ work ¢ (s tRere an aeﬂeb{'at.c na‘fura.e Prw‘fs &f‘ftoer?

[CraCRaw - kumar~ SaBs ~ Saraf 115) B:orbes—- (Rpitha - Uoeh' 18]
[cRatterice ~ Kumar - Ram:ja- SaptRarishi- Jengse’20] [ Kumar - Ra.mba— SaptRarisRc— Jengse’22]



Geometric complexcily T'Reora




Geome'trt'c cam&xd‘g fReorg
an = ﬂfx.,...,xk]n D)

‘ ROMOSMQDM pols of degree n




Geome'trt'c cam&xd‘g fReorg
Vk,n e = ﬂfx.,...,xk]n B

Romoﬂweom pols of degree n
Vae

* Peh



Geome'trt'c cam&xd‘g fReorg
6[""' "'rxk]n 2 (kn) = {f € an | cc(f) Sr}

Romoﬂweom pols of degree n
Vae

* Peh



Geome'trt'c cam&xd‘g fReorg
= Clx,- Y-k]n R (kv\) = {J)G Vier | cc(f) <r}

Romogeneous pols of degree n
V&

* Peh

r '—‘Poej (n)



Geome'trt'c cam&xd‘g fReorg
= Clx,- Y-k]n R (kv\) = {J)G Vier | cc(f) <r}

Romogeneous pols of degree n

Repeo.ce X bg tRe smallest a.egebrmc
u-arce'tg Xr 2 Xr

2
S




Geome'trt'c cam&xd‘g fReorQ_
= Clx.- :Y-k]n RY (kv\) = {J) e Vi | c<({) <r}

Romogeneous pols of degree n

Repeo.ce X bg tRe smallest a.egebrmc
u-arce'tg Xr 2 Xr

2
S

G a 2ero set o(f a Sel O(f Poeanomches on Vk‘r\

r '—‘Poej (n)



Geome‘trt'c cam&xi'fg T'Reora
= Clx.- :xk]n R (km) = {J) € Vien | cc(f) ¢ }

Romogeneons pols of degree n

Repeo.ce X ’33 tRe smallest a.eje bracc
U'arce'(?:j )(,- 2 Xr

G a qero set o(f a Set OJ)PoeJnomcaes on Vkr\

o L catl fRese meta.poeﬂr\onma.es (GCIan])

%
\/N‘

r =P063 (n)



Geome‘trt'c cam&xi'fg T'Reora
= Clx.- :xk]n R (km) = {J) € Vien | cc(f) ¢ }

Romogeneons pols of degree n

Repeo.ce X ’33 tRe smallest a.eje bracc
U'arce'tn )(,- 2 Xr

G a aero set o(f a Set OJ)PoeJnomcaes on an

o L catl fRese meta.poeﬂr\onma.es (GCIan])

%
\/N‘

KE)C- <f= xz_x-'s + x:xj + X X A

r=Po€3(n) Xy F xy + xi e W,




) 'C'Reora o
tric complexity e
Geame : -
6["4: Xk in

N
¢s of degree
s po

Romogweo

%

2
S

)
X~ + Cino X Xg
x,x; +
X €0,
2*3
[x.(f ' S

. V3,2
N t Coo0 K
3 + Co,r,0 X
Co02 Xy
n)
r= Poe 9 (




Geome‘trt'c cam&xi'fg T'Reora
= Clx.- :xk]n R (km) = {J) € Vien | cc(f) ¢ }

Romogeneous pols of degree n

Repeo.ce X ’33 tRe smallest a.eje bracc
U'arce'tn )(,- 2 Xr

G a qero set o(f a Set UJ)Poeanomzaes on l/kr\

e LU catl TRese meta.poeﬂnovnm.es (GC[V ])

g
V&

: X, X )
22 <f= Co,i,) XXy + Chon XXy + Cuyo XXy

r =Poej (V\) Co,02 )C.% + Co,0 xt + Copo xlz € V5.2

<
A = Co0,2 €0,2,0 C20,0 t Clo Civo + Co, ) + ¢
Y,
.




Geome‘trt'c cam&xi'fg T'Reora
= Clx.- :xk]n R (km) = {J) € Vien | cc(f) ¢ }

Romogeneons pols of degree n

Repeo.ce X ’33 tRe smallest a.eje bracc
U'arce'tn )(,- 2 Xr

G a aero set o(f a Set OJ)Poeanomzaes on l/kr\

o L catl fRese meta.poeﬂnovnm.es (GCIan])

2
S

f{x- (f: Cony XaXy + G0 %X + Cupo XXy N
r :Poej (Iﬂ) Co,02 )C.% + Co,0 Jtt +t Co00 xlz éE VS.Z
{P vk’\ {A;(m:o } - 4= Co,0,2 €0,2,0 €2,0,0 + Choyl Cro + c‘:’" v Y,
Aplf)=o



Geome‘trt'c cam&xi'fg T'Reora
= Clx.- :xk]n R (km) = {J) € Vien | cc(f) ¢ }

Romogeneons pols of degree n

Repeo.ce X ’33 tRe smallest a.eje bracc
U'arce'tn )(,- 2 Xr

G a aero set o(f a Set OJ)Poeanomzaes on l/kr\

o L catl fRese meta.poeﬂnovnm.es (GCIan])

2
S

KE)C- *2 CO.I,I A2 Xqy + Cl,o,l x:x3 + Cino %Xy A
r =Poej (V\) Co,02 )C.% + Co,0 xt + Cpoo )C,z [ V5.2
2
'V Al{g):o A = 60,0,'2 c’a,?.,(? C'Z.,o,o + C.l.o'] c""o + CO.'.I + C/
Xr {P vk N I - /
Ae[f ) o



Geome‘trt'c cam&xi'fg T'Reora
= Clx- :xk]n R (km) = {J) € Vien | cc(f) ¢ }

Romogeneons pols of degree n

Repeo.ce X ’33 tRe smallest a.ejebrmc
U'arcefn xr = Xr-

G a qero set o(f a Sel UJ)PoeJnomuxes on ka\
o Lo call fRese meta.poeﬂr\onma.es (GCIan])

2
S

KE)C- <f= X, Xo + x'x3 + %, X, 1
=P°ej (n) xy ¥ xy + x, € W,
— So = + + + @
X;— {P an I Al(gj } \_ J
Ae[f)"o
A (X )= {e}



Geome‘trt'c cam&xi'fg T'Reora
= Clx.- :xk]n R (km) = {J) € Vien | cc(f) ¢ }

Romogeneons pols of degree n

Repeo.ce X ’33 tRe smallest a.ejebrmc
U'arce'tn )(,- 2 Xr

G a qero set o(f a Set O(fPf’eg"Osze’ on Vkr\

o Lo catll fRese meta.poeﬂr\onma.es (GC[V ])

2
S

KE)C- *2 CO.I,I A2 Xqy + Cl,o,l x:x3 + Cino %Xy A
r:PDe:j (lﬂ) Co02 %3 + Cop0 xy + C-a».o,c:»)"lz € V3,2
'V A:”’j:"’ A = C&laﬂ- C"’z'(’ C—z,o,o + Cihoy Cro + co.z'.l + 9
Xr = Pé Vkr\ { : - J
) :
Aplf)=o

Nocw U'Ctl'a n:

Kr* “lo comptex ¥, pots’ o A"“(er = {o}

F(n) = PoeJ n)
). o)
. A.(n: separa'tma mefapoebnomues' e A (




Geome'trt'c cam&xd‘g fReorQ_
= Clx,- :xk]n RY (km) = {J) e Vim | cc(f) s }

Romogeneous pols of degree n

Repeo.ce X bg tRe smallest a.egebrmc
u-arce'tg Xr 2 Xr

G a 2ero set o([’ a set O(f Poeanomcaes on Vkr\
e LUe catl TtRese meta.poeﬂr\onma.es (54:[an])

2
S

(E)C- (fz X, Xo + x'x3 + %, X, )
r =P033 (n) xy F xy + ;i €W,
o o = + + + ¢
Xr :{Pc‘ Vk,nla‘(mﬁ } - ’
Ae[f):o
Now U'Ctl'a n: rConje,c,f,w-e for ('v\ft'm'fej mang "31
Krwm? Mg comptemity petst | e AP(X 3 = {el
f
. A7 “separating melapolynomials” - A ( €rn # © y




a%ebra Cc metawme(’e p A tg

y X F(n)

. pRart
n

(n)
- A

“Uou complexct ols"
r(n) :pcf%e(n\ J P

“Rard Poebnom f fom. "
“separa'tt'na me'ta.poegnom&zes“

\.

-
for (hfcht"(‘ej mang n,

¢ A(n)(xr(n)) ~ {ol
c AN JE# o

J




a%ebra Cc metawme(’e p A tg

¢ X F(n)

. pRart
N

(n)
- A

“Cos complexct ols"
F(n) =pcf%eCn\ J P

“Rard Poebnom f fom. "
“separa'tt'na me'ta.poegnom&zes“

(Rat s tRe cow\P&xc’t:J of AW?

\.

-
for (hfcht"(‘ej mang n,

¢ A(n)(xr(n)) ~ {ol
- A(J# o

J




a%ebra Cc metawme(’e p A tg

¢ X F(n)

. pRart
N

(n)
- A

“Cos complexct ols"
F(n) =pcf%eCn\ J P

“Rard Poebnom f fom. "
“separa'tt'na me'ta.poegnom&zes“

-
for (hfcht"(‘ej mang n,

¢ A(n)(xr(n)) ~ {ol

- A(J# o

\.

~

J

C\)Ra'l: (s tRe cow\P&x(ta oéf AW? (URen (s it eow?



a%ebra (c metawmei’e p' A tg

° Xr(n) < Vk{n),h

Rard
* dn € l/k(nl,m

o An) € d:“/k(n) V\] "separa'ft'nﬂ mefapoegnomches"

"Qau complex(t oe.S“
F(n) = pcfeeﬁn\ 2 P

“Rard Poe:)nom f fom. "

-
for ('Y\Fc'm'fej mang n,

¢ Afn)(xrfn)\ ~ {o}

 AV(E#

\.

~

J

C\)Rat (s tRe coMP&xc'ta oéf AW? (URen (s it eow?

algebracc notural proofs (€he Rarborov -RadicR) :
Usefulness v/ .Cargeness v Cons'truc'tc'w'ua:



a%ebra Cc metawme(’e p A tg

N : " ( . g )
o Xr(n) < \/k{n),h eor%fi?f%&{ ta Poe.s for mfcv;n;ej many n,
n
o farde Vk‘(nl‘n fcRard Pc)ebnom('ae ﬁlm. n o A‘n) (Xg:;) = {01
¢ An) € (E[l/k(n)'n] “Separa'tc'nﬂ metapoegnomthes” . « A\ (yn )¢ © )

C\)Ra'l: (s tRe cow\P&x(ta oéf AW? (URen (s it eow?
aQSebrac'c. natural proofs (€Be Ranborov - RadicR ) :

Use fueness v [hrﬁeness v Cons‘fruc'&'u-c'tca:

(A" = pely (N )
Nin) = dfm( ka'\),n) -__(kfv\:\-l-n-,)



a%ebra Cc metawme(’e p A tg

~

(r ® “ r . . .
o Xr(n) < \/k{n),h eor%f?ﬁf%&{ ta Poe.s for mfcv;n;ej many n,
n
o farde Vk‘(nl‘n fcRard Pc)ebnom('ae ﬁlm. n o A‘n) (Xg:;) = {01
¢ An) C(E[l/k(n)'n] “gePamt""ﬂ metapoegnomches" . JWAN (yn )¢ o )

C\)Ra'l: (s tRe cow\P&x(ta oéf AW? (URen (s it eow?

aQSebrac'c. natural proofs (€Be Ranborov - RadicR ) :
Usefulness v/ [argeness v Cons'truc'tc'u-c'tca:

()
(A7) = poly(New)
@ G Min) = d(-m( Vkm,n) '-"-(kwm-'

L)

|



a%ebra Cc metawme(’e p A tg

‘c . "
¢ Xr(n) < Vk{n),h e"r'“(’n)c‘_f_"’;cf%ec':; ty pots
. pRart

n

o An) € d:[l/k{n) V\] “separa'ft'nﬂ mefapoeﬂnomches"

C\)Ra'l: (s tRe cow\P&x(ta oéf AW? (URen (s it eow?

aQSebrac'c. natural proofs (€Be Ranborov - RadicR ) :
Usefulness v/ [argeness v Cons'truc'tc'u-c'tca:

CC(A(M) )dejree(d(m) = poly(N@))

e Vi “Rard polynomal fom, "

\.

rﬁ:’t’ (hfcht"(‘ej mang n,
(Xr(r\)) = {Ol
() # o

AN

~

J

Vi = din( Vegy o) =(

k(nY+n-~

|



a%ebra Cc metawme(’e p A tg

~

(r ® " r 0 - .
o Xr(n) < \/k{n),h eor%fi?f%&{ ta Poe.s for mfcv;n;ej many n,
n
o farde Vk‘(nl‘n fcRard Pc)ebnom('ae ﬁlm. n o A‘n) (Xg:;) = {01
¢ An) C(E[l/k(n)'n] “Separa'tc'nﬂ metapoegnomthes” . « A\ (yn )¢ © )

C\)Ra'l: (s tRe cow\P&x(ta oéf AW? (URen s (€t Po w?
aQSebrac'c. natural proofs (€Be Ranborov - RadicR ) :
Usefulness v/ [argeness v Cons'truc'tc'u-c'tca:
cc( A("’)  degree (4" = ZPogyeog (V)
@ G Min) = d(-m( Vkm,n) = (kwm-'

L)

|



a%ebra Cc metawme(’e p A tg

‘c . "
¢ Xr(n) < Vk{n),h e"r'“(’n)c‘_f_"’;cf%ec':; ty pots
. pRart

n

o An) € d:[l/k{n) V\] “separa'ft'nﬂ mefapoeﬂnomches"

C\)Ra'l: (s tRe cow\P&x(ta oéf AW? (URen (s it eow?

aQSebrac'c. natural proofs (€Be Ranborov - RadicR ) :
Usefulness v/ [argeness v Cons'truc'tc'u-c'tca:

ce(A™) degree (4™) = ,Polylog (Vi)
NMin) = d(m( ka'\),n) :(

e Vi “Rard polynomal fom, "

\.

rﬁ:’t’ (hfcht"(‘ej mang n,
(Xr(n)) S {Ol
() # o

AN

~

J

k(nY+n-~

»@/ { Gme Proue Sucﬂ\ Xarm:e.'es 0(0 r\p'(,' e)t‘.(.s'f_ )

|



a%ebra Cc metawme(’e p A tg

‘c . "
¢ Xr(n) < Vk{n),h e"r'“(’n)c‘_f_"’;cf%ec':; ty pots
. pRart

n

€ Vk(,,,m “Rard Poebnorn f fom. "
o An) € d:[l/k{n) V\] “separa'ft'nﬂ mefapoeﬂnomches"

rﬁ:’t’ (hfcht"(‘ej mang n,
¢ A(n)(xr(n)) ~ {ol
 AV(E#

\.

~

J

C\)Ra'l: (s tRe cow\P&x(ta oéf AW? (URen (s it eow?

aQSebrac'c. natural proofs (€Be Ranborov - RadicR ) :
Usefulness v/ [argeness v Cons'truc'tc'u-c'tca:

ce(A™) degree (4™) = ,Polylog (Vi)

€9 (o NMiny = din( Vi ) =(

& ®

L)

»@/ { Gme Proue Sucﬂ\ Xarm:e.'es 0(0 r\p'(,' e)t‘.(.s'f_ )

Our result: Sufficient to prove tR s Xor metapols
W ER Strcpng representaton-tReoretic properties

k(nY+n-~

|



(,Ja,rw\ -up Romoger\(la'fcbn

(n)

(n)
A\

rXr(ﬂ)\ = {o

rfiqrd ) 4 o

™




(,Ja,rw\ -up Romoger\(la'fcbn

(e Rave:

d&ﬂ (4"0\)

A(h) - Z

d=0

(N)
Al 5 L tR

(n)

A

(_

(n)

™

A rXr(ﬂ)\ = {o}
L&‘“’(fiqrd);é o )
degree o



(,Ja,rw\ -up Romoger\(la'fcbn

(e Rave:

d&ﬂ (4"0\)

A(h) - Z

d=0

(N)
Al 5 L tR

(n)

A

(_

(n)

A
A(-'\)

rXr(ﬂ)\ = {o

rfiqrd ) 4 o

™

|

J

dzjree é

@




(,Ja,rw\ -up Romoger\(la'fcbn

(_

(n)

™

A rXr(ﬂ)\ = {o}
L&‘“’(fiqrd);é o )
degree o
+ + + ¢

(e Rave:
“alm ()
A= > Ay witR A
d=0
o35, A7 # e [ s
(n)
'V‘S,Aa (Xr(vn):o



. . R _ )
(-JN'W\-M- : RDMO ef\("la't(or\ A Xr(n))"‘ {o}

des(dfnl) (n, o) L (0 n )
"\
A(n) — Z Aé L tR Ad dﬂjree S
d=20
(»n) Rord A = Ca,c?,'). Co,2,0 CZ,O,O + Cioi Ciyyo + cc:'." + &
096 A (f )#O 5= 2 Py el

(n)

o VCS A (Xr(,\)) - O b@cause ge Xr('\] => °‘£ € Xr(-ﬂ b’O‘C@

AP (=) = o S aM(R)



. . R AY; _ )
(aJa-rW\-uE s Romc)gem'm'('coy\ A Xr[n)\ = {075

(Ve Rave: A(n)rftf‘qrd ) 4 o
d&ﬂ ( dfn\) (n, ) \_ y,
A(n) - Z Aé L tR AJ O{eree o
=0
(v Ror = * + + i
.36, Aé)(gh d)¢0 [ 0=213 d=2 cS'-'-‘c]
n)
o V‘S, A; (Xr(,\)) :0\/7 b@C(ZMS‘e ge Xf'('\l => 0‘(? c Xr(v\) VO(GQZ

4w f) = o A7(F)

&M-‘ cc (AM) =sy = cc[llg") < deﬁfA‘"')zs(n)



. . [ A(n) _
CJarm-uE : Romoger\('la'tcon A (er“" = {°]
D Ce : Af'\) Rqrd);f o
e Rave deg (™) () o) _ (tfn v
A(n) - Z Aé L tR AJ O{eree o
d=0
n r - " + + 9
'35, A(é)(gfad)io { 6=713 d=2 S=
(n)
-V, Aa (Xr(vn) - O

!! cheouer: cC (A(n\) = g(n) => CC[A(;‘) < 0123

(A™Y s(n)

-

superpolynomie cc loper bounds  for Romogeneous A

= je,nefae saperpolynomial Cower bounds

_J




&g})resenfa'f ton 'CRQ ol‘g_




&g})resenfa'f ton 'CRQ ol‘g_
COhS‘t.JEr GLk




&g})resenfa'ttbn 'CReor;
Consfdfer' GLk > A




Representation WRe ory
COhS‘t'd!er' GLk 5/| ac.'t:'ng b{j A(P = fo/]"



Representation WRe ory
COhS‘c'd!er GLk 5/| ac'f:'ng bgj A(P = fo/l"
) Vk,n s wmuvariant - A 'Vk.,\ = Vk.r\




Representation WRe ory
COhS‘t'd!er' GLk 5/| ac.'t:'ng b{j A(P = fo/]"
. Vk,n s trvariant A Vien = Vi . CC(A.g) = cc(‘f)




Representation WRe ory
COhS‘t'd!er' GLk 5/| ac.'t:'ng b{j A(P = fo/]"
. Vk,n s trvariant A Vien = Vi . CC(A.g) = cc(‘f)

(e vbtain an action on metapoeanomfaes: (A'A)(f)?-'—‘ﬂ(foll)



Representat ion 'CReor; Vi = Cleyeoxi)
COhS‘t.a!er' GLk > A a.c.'fl'-’\g b((j Af = f"/‘l" N £>a.$e. cRamje
¢ \/k'n (..g (;)Wl.aﬂt A .Vk.'\ = Vk.'\ ° cc(Ag) = CC(‘f)

(e vbtain an action on metapo?anomhes: (A'A)(f)?-'—‘ﬂfu)
!‘base cRamje“

Re.caee-‘ R0W\Dﬂen£m‘tcbh d:“/k.n] = 56?0 G:[l/k’,\]é ¥ Vin



&Presmfat (o 'CRQOI‘;
COhS‘t.a!er' GLk > A a.c.'fl'-’\g b((j Af = f"/‘l" N base. c.Ramje.
¢ \/kn (..g (;)Wl.aﬂt A-Vk.'\: Vk.'\ ° cc(Ag) = CC(‘f)

(e vbtain an action on metapo?anomhes: (A'A)(f)?-'—‘ﬂfu)
"base cRa'ﬂje“

Recate : Ramoﬂengwtcbn d:“/kv\] = 66?0 d:[l/k,n]é o Vin

(e can SP&'t wp mto muarcant subspaces as muck os poss'c'b?e:

Q[Vk.n] = e l, ® I, &



&Presmfat (o 'CRQOI‘;
COhS‘t.a!er' GLk > A a.c.'fl'-’\g b((j Af = f"/‘l" N £>a.$e. c.Ramje
¢ \/kn (..g (;)Wl.aﬂt A-Vk.'\: Vk.'\ ° cc(Ag) = CC(‘f)

(e vbtain an action on metapo?anomhes: (A'A)(f)?-'—‘ﬂfu)
!‘base cRamje“

Re.caee-‘ R0W\Dﬂen£m‘tcbh d:“/k.n] = 56?0 G:[l/k’,\]é ¥ Vin

(e can SP&'t wp mto muarcant subspaces as muck os poss'c'b?e:

Q[Vk.n] = e l, ® I, &

representalion ‘fReora classfies possible V:: tRe crreduccbl

representalions



&Presmfat (o 'CRQOI‘;
COhS‘t.a!er' GLk > A a.c.'fl'-’\g b((j Af = f"/‘l" N £>a.$e. c.Ramje
¢ \/kn (..g (;)Wl.aﬂt A-Vk.'\: Vk.'\ ° cc(Ag) = CC(‘f)

(e vbtain an action on metapo?anomhes: (A'A)(f)?-'—‘ﬂfu)
!‘base cRamje“

Re.caee-‘ R0W\Dﬂen£m‘tcbh d:“/k.n] = 56?0 G:[l/k’,\]é ¥ Vin

(e can SP&'t wp mto muarcant subspaces as muck os poss'c'b?e:

Q[Vk.n] = e l, ® I, &

representalion ‘fReora classfies possible V:: tRe crreduccbl

representalions

e (obelled by c'v\l‘eﬁer portitions (A.f‘/\ﬁ...,*f\k)eﬂv" A=(42,2,0) F

/

[ 1



&Presmfafton 'CRQOI‘;
COhS‘ta!er' GLk )A ac.'fmg b((j Af ap /l N base. c.Ramje

* Ven s tavariant: A Vien = Vien ‘ “(A'f) = “(«f)

(e vbtain an action on metapo%nom(aeg: (AA)(J’):A(M
bare cRamje

R@.Caee-‘ Q&W\oﬂey\ém‘t{on d:“/k.v\] = 5@50 (E['/’GV\]J QP an

(e can SP&'t wp mto muarcant subspaces as muck os poss'c'b?e:

(E[Vk.n] = e l, ® I, &
representalion tReory classfies peossible Vi: tRe crreduscble

representatlions

e (obelled by c'v\l‘eﬁer portitions (A.f‘/\f:...,*f\)eﬂv" A=(42,2,0) F8

cal’ocupmg bv 'CrUPe d:[an] @ 2 C[an] -

d>o /\l—(sn r~ c.S‘o'tvprc Subs‘pace




&g})resenfa'ttbn 'CReor;
&b a:[l/kn]d = @ 69 a:[\/kn],\

20 d>o AFn




&g})resenfa'ttbn 'CReor;
S Clu.), = &P Cly,

20 d>o AFn

A = C200C020C 002

k=3 N=2 §=3



&g})resenfa'ttbn 'CReor;

b0 6;0 An

A C200C020C 002 = I:I:D:D:l AEEJ:,-’_ A

k=3 N=2 §=3




&Presenfa'ttbn 'CRQOI‘;
&b a:[l/kn]d = @ 69 G:[an],\

2o d>o AFn

A = C100Co20C 00 = AD]J:DJ+AEEID+ AE

k=3 N=2 §=3

\

- T e e oo B &)
60A = 2(cfpico20 + 2€110C101C011 + €200€511 + C110C002 + 2€200C020C002)

2 2 2
+ [ 2( e (:020(:101 — 2(1011(.‘101(!“0 + 4(:002(21 10 — CUIICQU(_] -+ 8(:002(:020(1200)

2 2 s i , ” "
+ 5((‘020(71()1 — €011C101€C110 — €002C1 10 T €p11C200 T 4(0026020(:200) ]

5 2 A sttt 2o —
0( — €101€020 t €110€101C011 — €200€Cp11 — C110C002 + 4f»200(102(1('m12),




Representation WRe ory
4 a:[l/kn]d = @ P G:[an],\

b0 430 Adn

A = C200C020C 000 = dm‘l'[\ + AE

k=% N=2 §=3

\

- o 2 &) r—
60A = 2(cfpico20 + 2€110C101C011 + €200€511 + C110C002 + 2€200C020C002)

2 2 2
+ [ 2( — co20¢T91 — 2¢o11¢101¢110 + 4C002€T 10 — €511C200 + 8C002C020C200)

2 — R 2 . et
T 5(("’020("101 — €011€101€110 — €Cp02Ci10 ra Cp11C200 T 4(,002(,,020(,200) :|

5 2 A sttt > S —
0( — €101€020 t €110€101C011 — €200C011 — C110C002 + 462()(1(’020('(}[12),

d:[[/k‘n ],\ = V/\@P‘m

L’ c'rre.duucibee. r'e.pre SQV\Ta'tt'or\




Representation WRe ory
4 a:[l/kn]d = @ P G:[an],\

b0 430 Adn

A = C100C020C 000 = dm‘l'[\ + AE

k=% N=2 §=3

\

- T e e oo B &)
60A = 2(cfpico20 + 2€110C101C011 + €200€511 + C110C002 + 2€200C020C002)

2 2 2
+ [ 2( — €020C1p1 — 2C011¢€101€110 + 4C002C1 19 — €H11C200 + 8(:002(:020(:200)

2 g vt . 2 . e —_—
T 5(("’020("101 — €011€101€110 — €002€119 T Cp11C200 + 4(,002(,,020(,200) :|

5 2 A sttt 2o —
0( — €101€020 t €110€101C011 — €200C011 — C110C002 + 462()(1(’02(1('(}02),

d:[[/k‘n ],\ = V/\@P‘m

L’ c'rre.duucibee. Me I‘QSQV\Ta"tt'or\
(e /g"\ow bases gor l/,\-‘ P




&Presenfa'ttbn 'CRQOI‘;
&b a:[l/kn]d = @ 69 G:[an],\

2o §20 Akdn

A = C200C020C 002 = Am'l"AEED'" AE

k=3 N=2 §=3

\

- o 2 &) r—
60A = 2(cfpico20 + 2€110C101C011 + €200€511 + C110C002 + 2€200C020C002)

2 2 2
> [ 2( — €p20C101 — 2C011C101C110 + 4C002€7 19 — CH11C200 + 8(:0026’020(1200)

S SE e s e
+ 5((—020(—1101 — €011C101€C110 — €002C1 10 T €p11C200 T 4600260206200) ]

2 A sttt > S —
+ 5( — €101€020 t €110€101C011 — €200€Cp11 — C110C002 + 46200(02(1({)[12),

ClVn ], = Lo

L’ {rredmcibee Me I‘QSQV\Tai'f'or\
(e /g"\ow bases gor l/,\-‘ P

e (ndexed bj semistandard (gounﬁ Tobleanx SSYT(A k)
6

]

2_9‘ T= ;5_}2 | As (C/,'Z,o)l— on




&Presenfa'ttbn 'CRQOI‘;
&b a:[l/kn]d = @ 69 G:[an],\

2o §20 Akdn

A = C200C020C 002 = Am'l"AEED'" AE

k=3 N=2 §=3

\

- o 2 &) r—
60A = 2(cfpico20 + 2€110C101C011 + €200€511 + C110C002 + 2€200C020C002)

2 2 2
> [ 2( — €p20C101 — 2C011C101C110 + 4C002€7 19 — CH11C200 + 8(:0026’020(1200)

S SE e s e
+ 5((—020(—1101 — €011C101€C110 — €002C1 10 T €p11C200 T 4600260206200) ]

2 A sttt > S —
+ 5( — €101€020 t €110€101C011 — €200€Cp11 — C110C002 + 46200(02(1({)[12),

ClVn ], = Lo

L’ {rredmcibee Me I‘QSQV\Tai'f'or\
(e /g"\ow bases gor l/,\-‘ P

e (ndexed bj semics'fa:\daml oung Tobleanx SSYT(A k)
S S S 6

]

2_9‘ T =4 'IZ,;_IZ | As (C/,'Z,o)l— on




&Presenfa'ttbn 'CRQOI‘;
D)y = OB C.), = LE &P a:[(/’”’

§o §30 AFgn 820 Ardn TeSSYTIAx

A = C200C020C 002 = Am'l"AEED'" AE

k=3 N=2 §=3

\

- o 2 &) r—
60A = 2(cfpico20 + 2€110C101C011 + €200€511 + C110C002 + 2€200C020C002)

2 2 2
> [ 2( — €p20C101 — 2C011C101C110 + 4C002€7 19 — CH11C200 + 8(:0026’020(1200)

& 5((:020(1101 — €011€101€110 — €002€71109 T Cp11C200 + 4600260206200) ]

5 2 A sttt > S —
+ 0( — €101€020 t €110€101C011 — €200€Cp11 — C110C002 + 46200(1020(/(}[12),

ClVn ], = Lo

L’ {rredmcibee Fepre SQV\Tai'f'or\
e Rnow bases gor l/,\-‘ g
o (ndexed bj semistandard oun9) Tobleanx  SSYT( A k)

]

- l\ ] = cS
eg. T—Azilz A= (4,2,0) F on




Representation WReory

D a:[l/kn]d

830

A = Cr00C020C 002 =

k=2 NnN=2 6:3

©&cCly,), e @ .l

430 AF{n

AI:I:D:DZI_I—AEEID-’_Ag - A'; 1 [2]* ﬂu_,_A:'_s ’j-,—

820 Ardn TeSSYTIAx

-y
~

Ay +4

v

- o o 1§ o T
60A = 2(cfpico20 + 2€110C101C011 + €200€511 + C110C002 + 2€200C020C002)
2 2 2
+ [ 2( — €020C101 — 2C011C101€110 + 4C002CT 19 — €H11C200 + 8(:0026’020(1200)
B, 2 ; . ; i 2 o s 4c AT
& 0((:020(1101 — €011C101€C110 — €002C1 10 T €p11C200 T 600260206200)

" 2 n " , " 2 2 4 . . .
+ 0( — €101€020 + €110C101C011 — €C200CH11 — €110C002 + 462()(1(’020('(}[12),

\ ]

ulu -
Ju

|

ClVin 1,

&P,
\//\ k

L’ c'rre.duucibee. r'e.pre SQV\Ta'tt'or\

Ue /ghow ba.ses gor l/,\-‘

e (ndexed bj semics'fa:\olaml oung Tobleanx SSYT(A k)

2.9‘ T=a

-

| )2

2

3

]

AS (C/,'Z,o)  én



L)Rg rep. 'C‘Reorg’l,

r
-

An)(xr{n)\ ~ {o}

Afﬂ)(fiqra( ) # O

_J/




L)Rg rep. fReorg?
Recal A(n) 7 /\6

620

* Yor at Qast one &, A(E)(famd) z ©
. (n)
._-]ror aee CSJ Ab ( r('ﬂ):




L)Rg r'ee. fR,QOf'g? : An)(xr(m) _ {o}j

Reca? A(n) 7 /\6 \ n _
820 A
* Yor at Qastone &, A(E)(fhmd) £ O
- (n)

e For al d, Aa (Xr(vn ) ©
() )
(e can do tRe same for 4( AN and A :2 AT
:\D Par'trfcoq 6 tableay



L)Rg r'ee. fR,QOf'g? : An)(xr(m) _ {o}j

Reca? A(n) 7 /\6 \ n _
820 A
* Yor at Qastone &, A(E)(fhmd) £ O
- (n)

e For al d, Aa (Xr(vn ) ©
() )
(e can do tRe same for 4( AN and A :2 AT
:\D Par'trfcoq 6 tableay

Useat tn Mman¢ places (see Paper)



(VR rep. TReor 7 rdns(xr(m):{of

(N
Recaee A(ﬂ) - 7 /\6 \_ n D
820 A
* Yor at Qastone &, A(E)(fhmd) £ O
- (n) _

e For al d, Aa (Xr(vn ) =<
(") ()
De can do tRe same for A T A(r) anad A :?AT
:\D par-Tetion 6 tableay

Useat tn Mman¢ places (see Paper)
EMMpee. (to prove border complexty of matrix maltpleaton s 2 7)

Maasnsfefn—]ﬁenmeaer—[&ms berg ! 13:[



7 s ~
) rep. fRQOf' . A‘"‘( X, (m) = {o}

(N
Recaee A(ﬂ) - 7 /\6 \_ n D
820 A
* Yor at Qastone &, A(E)(fhmd) £ O
- (n) _

e For al d, Aa (Xr(vn ) =<
(") ()
De can do tRe same for A T A(r) anad A :?AT
:\D par-Tetion 6 tableay

Useat tn Mman¢ places (see Paper)
EMMpee. (to prove border complexty of matrix maltpleaton s 2 7)

Maasnsfefn—]ﬁenmeaer—[&ms berg ! 13:[

8 179 8§08 679 272 669 >0 dim. —= G dim.



7 s ~
) rep. fRQOf' . A‘"‘( X, (m) = {o}

(N
Recaee A(ﬂ) - 7 /\6 \_ n D
820 A
* Jor at Gast one 4, A(g”(gh”d) £ O
- (n) _

e For al d, Aa (Xr(vn ) =<
(") ()
De can do tRe same for A T A(r) anad A :?AT
:\D par-Tetion 6 tableay

Useat tn Mman¢ places (see Paper)
EMMpee. (to prove border complexty of matrix maltpleaton s 2 7)

8 179 8§08 679 272 669 >0 dim. —= G dim.

[QO{QST.(O”I WRaT about cefrecuct Compezx('tj?]




Owr result€s

“JReorem: Suppose 4 € C[l/k,.,\]cs Ras cc(d)=s. TRen




Owr result€s
“JReorem: Suppose 4 € C[l/k,.,\]cs Ras cc(d)=s. TRen
ce(Ay) = O(kzkz“”)z,(zs)

cc(Ay) = O(kzkz(énfkqs§ )




Owr result€s

“JReorem: Suppose 4 € C[l/k,.,\]cs Ras cc(d)=s. TRen
ce(8s) = O(R¥(6m* s)
. cc(Ay) = O(kzkz(énfkq s ) )

Vew = (5NN =1) s kpn) = Oltegl v )



Owr result€s

“JReorem: Suppose 4 € C[l/k,.,\]cs Ras cc(d)=s. TRen
ce(8s) = O(R¥(6m* s)

i cc(Ay) = O(kzkz(énfkqs) )
Vew = (5NN =1) s kpn) = Oltegl v )

~

r .
Cuper 2uasipo€3nom:ae eower bOOLY\d.S for isotfdP(:C A
= je,no.rae Saper zmgc'pdjqpm.:ze Cocer Bounds

J

-



Owr result€s

“JReorem: Suppose 4 € C[Vk,n]é Ras cc(d)=s. TRen
ce(Ay) = O (5m)2%s)
. cc(A+) = O(kzkz(énfkqs) )

Vew = (5NN =1) s kpn) = Oltegl v )

( ] . R
Cuper 2“08(.,3063110?“1&.6 eower bOOLY\d(. s fol’ isotfdP(..C A
= je,no.rae Saper guas ¢ pcfj nomial Cocer Bounds

\. J

So for an afgzbraic natural ptoof bartier,
e rV\ag asSuMe strovyg f‘epresev\TaTrbvx~ €Reorelic Properfr'es



Owr result€s

“JReorem: Suppose 4 € C[Vk,n]é Ras cc(d)=s. TRen
ce(Ay) = O (5m)2%s)
. cc(A+) = O(kzkz(énfkqs) )

Vew = (5NN =1) s kpn) = Oltegl v )

( ] . R
Cuper 2“08(.,3063110?“1&.6 eower bOOLY\d(. s fol’ isotfdP(..C A
= je,no.rae Saper guas ¢ pcfj nomial Cocer Bounds

\. J

So for an afgzbraic natural ptoof bartier,
e rV\ag asSuMe strovyg f‘epresev\TaTrbvx~ €Reorelic Properfr'es



TQ cgn l.; nesS

(Ve construct explicct Prodeclfors Py st. A, = FWAN



TQ cgn l.; nesS

(Ve construct explicct Prodeclfors Py st. A, = FWAN
.+ as a segmence d(f (scamns of)o{{(ffarev\Tl;Le operators E ¢,



TQ cgn l.; nesS

(A)Q c.ons'tra(c-[_ e)cpet.cf't Prog'eclfors P,\ S.f.. A)\ = PAA
. as a segnence of (seams of)o(.’ffarenTl;Le operators Ees

— 0 D D
« Ei.= 30, -+ 2¢C + 2¢C -
l,l (9, o, ) O,I,l a C:,o,,



TQ cBn l.; nes

(A)Q c.ons'tra(c-[_ e)cpet.cf't Prog'eclfors P,\ S.f.. A)\ = PAA
. as a segnence of (seams of)o(.’ffarenTl;Le operators Ees

© B = 3¢ -+ 2¢ 2 ¢C _
, 3 ),1,0 o, + ) + O l,l aC:,o,,

[ Em. Ez,l -+ E-,_., E‘,’..z , E.’Ll + EZ‘Z + E33
e £ fy are Lie anﬂbrq clements



TQ cgn l.; nes

(A)Q c.ons'tra(c-[_ e)cpe(.c f't /’)l"ode.otof‘s P,\ S.f.. A,\ = PA A

. as a segnence of (seamns of)o{{ffarev\t;& operators E 3
Ty

I b i c 2 ¢ _
a 3Cin0 O Croo + < @20 > 1,0 + o1 7 Ci o,
) Em. Ez,l -+ E-,_., E‘,’_.z ; E.’Ll + E22 .'.. E“
¢ E ‘9 are «[c’e anQbr‘q clements XA rx'\'

e
o g—-eah'yk- (Randra : T seg. CA' Rt scale [/,\ , l/,\. a(cﬁerenf@s



TQ cgn l.; nes

(Ve construct expe(cit Prodeclfors P,\ st. Ay = PAA

.+ as a segmence d(f (scamns of)o{{ffarev\t;& operators E ¢,
Ty

* B = 3C - c c _
E 2 3 ,1,0 o Cl,o‘o + 2 0,2,0 > o + 2 o1, o, Cl,o,,
) Em. Ez,l -+ El.l E‘,’_.z ; E.‘Ll + Ezz .'.. E”
¢ E ‘9 are «[c’e anQbr‘q clements XA 7\)6/\,

A
g Mar{yR-CRandra.: =/ seg. Cy tRat scale [/,\ , l/,\. o(c'ﬁerev\f@:j
~/
& R 2,\g(’CA""A\ (Xy - C,)



TQ cgn l.; nes

(Ve construct expe(cit Prodeclfors P,\ st. Ay = PAA

.+ as a segmence d(f (scamns of)o{{ffarev\t;& operators E ¢,
Ty

@ E' = C — C )
2 3 ,1,0 o Cl,o‘o + 2 0,2,0 > o + Z CO, N o, Cl,o,,
) Em. Ez,l -+ El.l E‘,’_.z ; E.‘Ll + Ezz .'.. E”
¢ E ‘9 are «[c’e anQbr‘q clements XA 7\)6/\,

'
o Mar{yR-CRandra.: =~ seg. CA' Rt scale [/,\ , l/,\. o(c'ﬁerev\f@:j
~/
& R 2,\g(’CA""A\ (Xy - C,)
o Se.zuence Qas 'foo Man(a Terms



TQ cgn l.; nes

(Ve construct expe(cit Prodeclfors P,\ st. Ay = PAA

.+ as a segmence d(f (scamns of)o{{ffarev\t;& operators E ¢,
Ty

@ E' = C — C )
2 3 ,1,0 o Cl,o‘o + 2 0,2,0 > o + Z CO, N o, Cl,o,,
) Em. Ez,l -+ El.l E‘,’_.z ; E.‘Ll + Ezz .'.. E”
¢ E ‘9 are «[c’e anQbr‘q clements XA 7\)6/\,

'
o Mar{yR-CRandra.: =~ seg. CA' Rt scale [/,\ , l/,\. o(c'ﬁerev\f@:j
~/
& R 2,\g(’CA""A\ (Xy - C,)
o Se.zuence Qas 'foo Man(a Terms

—s reducibde e 3en9.ra€ l@e a%ebm relations
G 'E'Re Pochcqre’-— 61}"@0&? - et fQ eorem



FI’RG.V\&S .’



